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Abstract
Borel ideals appear as ‘generic initial ideals’ of ideals a  k[X1; : : : ; Xn]. We analyse them
paying special attention to the three variables case. In particular, we consider their Hilbert
functions and minimal resolutions. Some features of a nite set X of points in Pr are investigated,
by studying the Borel ideals that are generic initial ideals of I(X), will respect to deg-rev-lex
ordering on monomials. c© 1999 Published by Elsevier Science B.V. All rights reserved.
0. Introduction
Studying multiple roots of (0-dimensional) systems of polynomial equations, one is
naturally led to consider monomial ideals a  k[X1; : : : ; Xn] (Macaulay, 1927). Namely,
xed any ordering on the set of monomials of k[X1; : : : ; Xn]; to every ideal a 
k[X1; : : : ; Xn], the monomial ideal in (a) of its initial forms (called initial ideal of
a) is canonically associated. Both a and in (a) have the same Hilbert function.
Among monomial ideals are particularly interesting the so called Borel ideals as
they have a good behaviour with respect to the action of the Borel subgroup of the
general linear group. In this context a fundamental result is Galligo’s theorem [10]:
in characteristic 0, for generic changes of coordinates, the initial ideal of an ideal
a  k[X1; : : : ; Xn] is Borel and does not vary. Such an ideal is called generic initial
ideal of a and denoted gin (a).
A natural question to ask is: How many Borel ideals correspond to a given Hilbert
function?
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If n = 2, there is a unique Borel corresponding to a given Hilbert function and
Briancon in [3] completely characterized the punctual Hilbert scheme of the convergent
power series ring CfX1; X2g. On the contrary, if n  3 several Borel ideals can share
the same Hilbert function and the structure of the punctual Hilbert scheme is extremely
complicated. A rst example comes from the Hilbert function
H (0) = 1, H (1) = 3, H (2) = 4, H (3) = 3 and H (i) = 0 for every i  4, to which
correspond two Borel ideals:
q(1) = (X 23 ; X2X3; X
3
2 ; X1X
2
2 ; X
3
1 X3; X
3
1 X2; X
4
1 );
q(2) = (X 23 ; X2X3; X
3
2 ; X
2
1 X3; X
2
1 X
2
2 ; X
3
1 X2; X
4
1 )
(based on two examples of Galligo in [10]).
This suggests that generic initial ideals are invariants containing more information
than Hilbert functions.
So we rst try to understand properties of Borel ideals (see Section 2) focussing our
attention on the set (called sous-escalier of a ) consisting of monic monomials giving
a k-basis of k[X1; : : : ; Xn]=a .
We describe Borel conditions by means of a relation \!" on the set of (monic)
monomials of k[X1; : : : ; Xn] (Denitions 2:2 and 2:4).
Furthermore, since q(1) and q(2) above also share the same numerical minimal resolu-
tion and minimal resolutions of Borel ideals have been determined by Eliahou{Kervaire
[8], we also try, in Section 3, to detect some further features of Borel ideals behaviour
with respect to minimal resolutions. In particular, the extremal bad behaviour of the
lex-segment ideal (see [1,14]) led us to look for Borel ideals having an opposite ex-
tremal behaviour, i.e. having minimal Betti numbers.
For this we consider the notion of r-lex-segment ideal (i.e. the segment ideal with
respect to deg-rev-lex ordering) studying its properties (see Sections 2 and 3 and see
also [6]).
Moreover we analize minimal resolutions of 0-dimensional Borel ideals correspond-
ing to maximal Hilbert functions (see Proposition 3.10).
Finally, in Section 4 we prove that, for a general set X of s points in Pn, w.r.t. the
deg-rev-lex ordering, the generic initial ideal gindrlex(I(X)) of the homogeneous ideal
I(X) k[X0; : : : ; Xn] dening X is the r-lex-segment ideal corresponding to the Hilbert
function Hs;n(i):=minf
( n+i
n

; sg.
1. Notation
Throughout the paper T(n):=hX1; : : : ; Xni denotes the (multiplicative) semigroup of
terms (= monic monomials) over the symbols X1; : : : ; Xn. Moreover, for each i 2
f1; : : : ; ng, we denote T(i) = hX1; : : : ; XiiT(n) and T0(i; n) = hXn−i+1; : : : ; XniT(n),
and also, using multiindex notations, X a means X a11      X ann , a= (a1; : : : ; an) 2 Nn.
Similarly, P(n):=k[X1; : : : ; Xn] denotes the ring of polynomials in n variables over an
eective eld k of characteristic 0; m(n):=(X1; : : : ; Xn), and a monomial ideal a P(n)
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is a homogeneous ideal generated by monomials. For each d 2 N, P(n)dP(n)
denotes the homogeneous part of degree d and for every subset M P(n) we put
Md:=M \ P(n)d.
We will mainly consider T(3);P(3);m(3) simply denoting them T;P;m. We write
also X; Y; Z instead of X1; X2; X3, Td for T(2)d and T0d for T
0(2; 3)d.
The semigroup T(n) can be ordered in several ways and we will basically consider
two kinds of degree-compatible-term-orderings: deg-lex and deg-rev-lex. Precisely:
deg-lex: X a<X b if degX a< degX b or degX a=degX b and there exists i 2 f1; : : : ; ng
such that ai <bi, aj = bj for each j> i,
deg-rev-lex:] X a<X b if degX a< degX b or degX a = degX b and there exists i 2
f1; : : : ; ng such that ai >bi; aj = bj for each j< i:
Remark 1.1. Of course, the change of variables X 0i = Xn−i+1, 8i 2 f1; : : : ; ng moves
deg-lex (resp. deg-rev-lex) picture with X1<X2<   <Xn (considered here) to the
corresponding one with X 0n <X
0
n−1<   <X 01 (and conversely).
Remark 1.2. For every n 2 Nnf0; 1g and d 2 N,
T(n)d, ordered w.r.t. deg-lex, (in decreasing order) decomposes as follows:
T(n)d =T(n)d−1Xn t T(n − 1)d
=T(n)d−1Xn t T(n − 1)d−1Xn−1 t T(n − 2)d−1Xn−2 t    t T(2)d:
While for T(n)d, ordered w.r.t. deg-rev-lex, (in increasing order) we have:
T(n)d =T(n)d−1X1 t T0(n − 1; n)d
=T(n)d−1X1 t T0(n − 1; n)d−1X2 t T0(n − 2; n)d−1X3 t    t T0(2; n)d:
In particular if n=3 we have Td=Td−1Z tTd w.r.t. deg-lex and Td=Td−1X tT0d
w.r.t. deg-rev-lex.
Denition 1.3. A semigroup (resp. order) ideal IT(n) (resp.NT(n)) is a subset
such that s 2 T(n); t 2 I implies st 2 I (resp. t 2 N and s j t implies s 2 N).
Order ideals are also called Ferrers subsets.
For every subset ET(n), I(E) is the semigroup ideal generated by E.
Remark 1.4. (a) Given any monomial ideal a P(n), I(a):=a \ T(n) is a semi-
group ideal and conversely each semigroup ideal IT(n) generates a monomial ideal
a (I)P(n).
(b) For every semigroup ideal IT(n), N(I):=T(n)nI is an order ideal (called
sous-escalier of I). Conversely, for each order ideal NT(n), I(N) =T(n)nN is
a semigroup ideal. Clearly N(I(N)) =N and I(N(I)) =I.
Denition 1.5. For every 0 6= f =P ai1inX i11      X inn 2 P(n), T (f) denotes the
maximal term of f w.r.t. a given < and is called leading term of f.
For every ideal a P(n), we consider the initial ideal in (a) of a , that is the mono-
mial ideal generated by T (f) as f 2 a .
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Remark 1.6. For every ideal a P(n), T (a):=fT (f): f 2 ag is a semigroup ideal
and in (a) =a (T (a)). On the other hand N(a):=N(T (a)) is an order ideal and it is
called sous-escalier of the ideal a .
Note that the k-vector space generated byN(a) is isomorphic to P(n)=a , as k-vector
space. Moreover a is 0-dimensional if and only if N(a) is nite (see for instance
[15], Corollary 3:4).
Note that, for each d 2 N, we have fX1; : : : ; XngN(a)d−1N(a)d and fX1; : : : ; Xng
ad ad+1.
2. Hilbert functions and Borel ideals
For every homogeneous ideal a P(n) we consider the standard homogeneous k-
algebra R(a):=P(n)=a =i2NR(a)i and its Hilbert function HR(a) : N! N dened by
HR(a)(i) = dimkR(a)i. We say that the Hilbert function corresponding to a is HR(a).
When no confusion can arise we will simply write H (i).
A Macaulay’s famous theorem characterizes numerical functions H : N! N which
can occur as Hilbert functions HR(i) of a standard homogeneous k-algebra R (called
admissible numerical functions).
A nite sequence of positive integers h=(h0; h1; : : : ; ht) is called admissible h-vector
if there exists a 0-dimensional standard k-algebra R having Hilbert function H (i) = hi
for 0  i  t and H (i) = 0 for i  t + 1. In this case R is a k-vector space of nite
dimension s =
Pt
i=1 hi (see for instance [17]). Sometimes we confuse an admissible
h-vector h with the associated Hilbert function.
Notation 2.1. For every i; n 2 N and 0   

n+i−1
n−1

− 1 consider the \maximal"
h-vector hn; i; :=

1; n;

n+1
n−1

; : : : ;

n+i−2
n−1

;

n+i−1
n−1

− 

and denote by hn; i;  also the
associated Hilbert function.
Denition 2.2. For each d 2 N, a subset BT(n)d is called Borel if, given X a 2 B,
with a= (a1; : : : ; ai; : : : ; aj; : : : ; an) 2 Nn, then for each j such that aj > 0 and for each
i< j, we have X a
0 2 B, where a0 = (a1; : : : ; ai + 1; : : : ; aj − 1; : : : ; an).
Remark 2.3. The general linear group GL(n; k) of invertible n  n matrices over k
acts as a group of algebra automorphisms on P(n) by acting on the variables: a matrix
(aij)i; j denes the action (Xj) =
P
i aijXi.
Let B(n; k) be the Borel subgroup of GL(n; k) consisting of upper triangular invertible
matrices. A subset B of T(n)d is Borel if and only if B is xed by B(n; k).
Denition 2.4. We consider the relation \!" dened in T(n)1 as follows: Xi 7! Xi−1
for each i 2 f2; : : : ; ng, and extended to every T(n)d via
X a11   X ai−1i−1 X aii     X ann 7! X a11   X ai−1+1i−1 X ai−1i     X ann ; 8i with ai > 0:
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The relation \!" induces a partial ordering  on T(n)d: t1  t2 if and only if we
have t1 !  !    !  ! t2.
Remark 2.5. A Borel subset BT(n)d is stable under the relation \!" of Denition
2.4, i.e. if t 2 B and t   then  2 B. Conversely, every subset of T(n)d which is
stable under \!" is Borel.
Therefore to nd Borel subsets of T(n)d it is useful to order it w.r.t. \!".
For instance we observe that in T3 we have the following diagram:
which tells us that in T3 there are two dierent Borel subsets consisting of 3 ele-
ments: N1 =fX 31 ; X 21 X2; X 21 X3g and N2 =fX 31 ; X 21 X2; X1X 22 g (as matter of fact N1 and
N2 are the degree 3 part of the sous-escaliers of the ideals q(1) and q(2) given in the
Introduction).
Note also that the ordering  is not total, e.g. X 21 X3 and X1X 22 are not related by
\!".
Remark 2.6. (a) For each d 2 Nnf0; 1g we can fully describe Td’s behaviour w.r.t.
\!" by means of pictures as follows:
X  Y
"
Z
X 2  XY  Y 2
" "
XZ  YZ
"
Z2
X 3  X 2Y  XY 2  Y 3
" " "
X 2Z  XYZ  Y 2Z
" "
XZ2  YZ2
"
Z3
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X 4  X 3Y  X 2Y 2  XY 3  Y 4
" " " "
X 3Z  X 2YZ  XY 2Z  Y 3Z
" " "
X 2Z2  XYZ2  Y 2Z2
" "
XZ3  YZ3
"
Z4
X 5  X 4Y  X 3Y 2  X 2Y 3  XY 4  Y 5
" " " " "
X 4Z  X 3YZ  X 2Y 2Z  XY 3Z  Y 4Z
" " " "
X 3Z2  X 2YZ2  XY 2Z2  Y 3Z2
" " "
X 2Z3  XYZ3  Y 2Z3
" "
XZ4  YZ4
"
Z5
etc.
(b) For each d 2 N, one can read, in the triangle corresponding to Td, all the

d+2
2

ordered d-degree terms. In particular the top row is Td and the rightmost column is
T0d. Moreover, moving along the horizontal lines (from the top) against the arrows, we
get all d-degree terms in increasing order w.r.t. deg-lex. On the other hand, moving
along the vertical lines (from the left) against the arrows, we get all d-degree terms
in increasing order w.r.t. deg-rev-lex.
Furthermore, chosen any term t in the Td diagram, following the arrows, we can
read all dierent ways through which it is possible to go via \!" from t to X d.
Of course one could try to draw similar pictures in order to describe T(4)d and
T(5)d for each d 2 N, yet the situation becomes more complicated.
(c) From the pictures above it turns out that for every ! 2 f3; : : : ;

d+2
2

− 3g there
are several dierent Borel subsets of Td containing ! elements.
On the contrary, for every ! 2 f1; 2;

d+2
2

−2;

d+2
2

−1;

d+2
2

g there is a unique
Borel subset with ! elements.
For instance in the following table we give the number d;! of Borel subsets in Td
containing != 20 elements:
d 5 6 7 8 9 10 11 12 13 14 15 16 17 18  19
d;20 1 5 13 22 31 39 45 50 54 57 59 61 62 63 64
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(d) Let d 2 N and 1  ! 

d+2
2

. We can describe a Borel subset of Td
consisting of ! elements in the following way. Consider all possible expressions !=Pd+1
‘=1 b‘ with 0  b‘  d + 1− (‘ − 1), b‘+1<b‘ if b‘ 6= 0 and b‘+1 = 0 if b‘ = 0.
Since Borel subsets are stable w.r.t. \!", we take the rst b‘ elements (from the left)
of the ‘-th row of the triangle Td, for each ‘ corresponding to b‘ 6= 0 in !.
Denition 2.7. For each d 2 N, a subset LT(n)d is called lex-segment (resp.
r-lex-segment) if given any t 2 L it holds  2 L for each <dlex t (resp. <drlex t).
Remark 2.8. Lex-segments and r-lex-segments in T(n)d are Borel subsets.
Denition 2.9. A monomial ideal a P(n) is called Borel (resp. lex-segment,
r-lex-segment) if, for each d 2 N, N(a)d = P(n)d \N(a) (see Remark 1.6) is
a Borel set (resp. lex-segment, r-lex-segment).
Remark 2.10. (a) A monomial ideal a P(n) is Borel if and only if given d 2 N
and X a 2 ad, with a = (a1; : : : ; ai; : : : ; aj; : : : ; an) 2 Nn, then 8i such that ai > 0 and
8j> i, we have X ~a 2 ad, where ~a= (a1; : : : ; ai − 1; : : : ; aj + 1; : : : ; an).
(b) Let T (n; k) be the subgroup of GL(n; k) consisting of lower triangular matrices.
An ideal a P(n) is Borel if and only if a is xed by T (n; k). We stress that,
with X1<   <Xn, if a P(n) is a Borel ideal, then a is xed by T (n; k) and its
sous-escalierN(a) is xed by B(n; k). Letting X1>   >Xn, things are interchanged.
Remark 2.11. (a) To every admissible Hilbert function corresponds a (unique) lex-
segment ideal (see for instance [4] Theorem 4:2:10). On the contrary, there are admis-
sible Hilbert functions for which there isn’t any r-lex-segment ideal.
To see this consider T and h = (1; 3; 4; 5). For an r-lex-segment ideal a P can-
didate to have h = HR(a), it should be a1 = (0), a2\ T2 = fYZ; Z2g, but then a3\
T3fXYZ; XZ2; Y 2Z; YZ2; Z3g which implies N(a)3 is not an r-lex-segment as Y 3 2
N(a)3, but Y 3>XZ2 62N(a)3.
(b) Any monomial ideal a P(n) having as Hilbert function the numerical function
hn; i;  dened in Notation 2:1 veries ad= (0) for 1  d< i, ad= T(n)d for d> i and
dimkai= .
There exists the r-lex-segment ideal corresponding to the Hilbert function hn; i; ,
which is exactly the monomial ideal a P(n) generated by the  greatest terms (w.r.t.
deg-rev-lex) in T(n)i, and by all terms in T(n)i+1nfX1; : : : ; Xngai.
Notation 2.12. For every admissible Hilbert function H the corresponding lex-segment
ideal is denoted L(H) and whenever also the corresponding r-lex-segment ideal does
exist, it is denoted (H).
We can characterize the Hilbert function of an r-lex-segment ideal. The next result
is contained also in [6], but we give a shorter proof.
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Proposition 2.13. Let H be an admissible Hilbert function with H (1) = n.
Put d:=minfj 2 N=H (j)<

n−1+j
n−1

g. Then there exists an r-lex-segment ideal
corresponding to H if and only if H (i + 1)  H (i) for every i  d.
Proof. Note that if H (d) = 0, we have the ideal md. Let H (d) 6= 0. Consider T(n)d
decomposed as in Remark 1.2.
Suppose that there exist the r-lex-segment ideal corresponding to the Hilbert func-
tion H . Let  be the maximal term w.r.t. deg-rev-lex in N(a)d. The next term
0 after  is the minimal term (w.r.t. deg-rev-lex) of a \ T(n)d. We have X10 2
ad+1 and if t >drlex X10 then t 2 ad+1, because a \ T(n)d+1 is a segment. Then
N(a)d+1X1N(a)d and H (d+ 1)  H (d). For i>d the proof is similar.
Now let a be a Borel ideal with HR(a) = H . We have N(a)r = T(n)r for every
i<d. Take the r-lex-segment Nd of T(n)d consisting of the rst H (d) terms. Write
Nd=f1; : : : ; H (d)g. For every i> 0, the setNd+i:=fX i11; : : : ; X inH (d)g is an (initial)
r-lex-segment of T(n)d+i and Nd+iX1Nd+i−1.
Put Nr:=T (n)r for 0  r  d− 1 and let N:= tr2NNr .
We claim that N is a Ferrers set, so I(N) generates an r-lex-segment ideal with
HR(a) = H .
We have to prove that if a term t 2Nr then all its divisors of degree r− 1 belong
to Nr−1.
For a set BT(n)r consider the set B : Xj:=ft 2 T(n)r−1=tXj 2 Bg.
Note that if B is a Borel set we have
Sn
j−1 (B : Xj) = B : X1.
So it is sucient to prove Nr : X1Nr−1 for every r >d. That is obviously
satised by our sets Nr .
From the above Proposition we deduce that for an r-lex-segment ideal a the k-algebra
P(n)=a is of dimension  1.
The study of Borel ideals is motivated by the following Theorem of Galligo.
Theorem 2.14 (Galligo [10], see also [7]). Given any term ordering < in T(n) and
homogeneous ideal a P(n); then there exists a Zariski open subset U GL(n; k)
and a Borel ideal (a)P(n) such that for each g 2 U we have in (g(a)) = (a).
Denition 2.15. The above ideal (a) is called generic initial ideal of a w.r.t. <. We
denote (a) by gin<(a) or simply gin (a).
3. Betti numbers and resolutions for Borel ideals
We start this section reformulating (w.r.t. term-orderings considered here) some ter-
minology introduced by Eliahou{Kervaire concerning minimal resolutions of stable
ideals (see [8]).
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Denition 3.1. Given any t 2 T(n), t=X a, a=(a1; : : : ; an), we set (t):=minfi: ai 6= 0g
and m(t):=n− (t) + 1.
Denition 3.2. A monomial ideal a P(n) is stable if for each d 2 N, t 2 ad we
have Xj tX(t) 2N(a)d for every j  (t).
Of course a Borel ideal a P(n) is stable (see Remark 2.10).
Theorem 3.3 (Eliahou and Kervaire [8]). Given any stable ideal a P(n) with mini-
mal system of monomial generators G(a); then graded Betti numbers are
qr(a) =
X
t2G(a)
deg t=r−q

m(t)− 1
q

=
X
t2G(a)
deg t=r−q

n− (t)
q

The extremal behaviour of the lex-segment ideals w.r.t. Betti numbers has been stated
by [1,2,14].
Theorem 3.4. Fixed any admissible Hilbert function H; the lex-segment ideal L(H)
has maximal Betti numbers among the homogeneous ideals a with HR(a) = H .
Adapting to our situation a formula introduced by Bigatti we can prove (see also
[6], Theorem 3:15.) the opposite extremal behaviour of the r-lex-segment ideal among
the Borel ideals. Namely, Theorem 3.3 suggests that smaller Betti numbers correspond
to G(a) involving as much as possible \great variables".
Theorem 3.5. Let H be any admissible Hilbert function such that there exists the
r-lex-segment ideal (H). Then (H) has minimal Betti numbers among the Borel
ideals b with HR(b) = H .
Proof. Let n = H (1). For a subset S T(n)d we put bq(S):=
P
t2S

n−(t)
q

. By
[2] Proposition 7:5:2, we have bq(S) =

n−1
q

(#S) −Pnj=2
h
j(S)

n−j
q−1
i
, where
j(S):=#(S \ T0(j; n)).
For a Borel ideal b in P(n) we have G(b)d =B(b)dnfX1; : : : ; XngB(b)d−1, where
G(b) is a minimal system of monomial generators of b and B(b):=b \T(n). Thus it
holds
qr(b) = bq(G(b)r−q) = bq(B(b)r−q)− bq(fX1; : : : ; XngB(b)r−q−1):
Step 1: Let A and B be two subsets of T(n)d having the same number of elements,
with T(n)dnB Borel and T(n)dnA r-lex-segment.
We want to prove j(A)  j(B): For j=1 we have A\T0(1; n)=B\T0(1; n)=
fX dn g. For j=n the assertion is obvious. Now let 1<j<n. If A\T0(j; n)d=T0(j; n)d,
then there is nothing to say. Suppose A \ T0(j; n)dT0(j; n)d . Since T(n)dnA is an
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r-lex-segment, we have A\T0(j; n)d = AT0(j; n)d (see Remark 1.2). Then we obtain
j(B) = (#B \ T0(j; n)d)  #B= #A= #(A \ T0(j; n)d) = j(A):
Step 2: We prove =j(fX1; : : : ; XngB(b)d) = j(B(b)d). Where for a subset S of
T(n)d, we denote =j(S):=#ft 2 S: (t) = jg. If t 2 T(n)d, we have (Xjt) = j if
and only if (t)  j. The map t 7! Xjt between ft 2 B(b)d: (t)  jg and ft 2
fX1; : : : ; XngB(b)d: (t) = jg is clearly injective. Let  2 B(b)d with (Xr) = j and
consider t = Xr=Xj. If r= j, then clearly t 2 B(b)d and (t)  j. If r 6= j, then r > j
and () = j. Thus Xjj and t 2 b because b is a Borel ideal (see Remark 2.10), of
course (t) = j. Thus the map is also surjective.
Step 3: Finally let a be an r-lex-segment ideal and b a Borel ideal in P(n) with
the same Hilbert function. Step 1 implies bq(B(a)r−q)  bq(B(b)r−q). Moreover,
bq(fX1; : : : ; XngB(a)r−q−1)
=
nX
j=1
=j(fX1; : : : ; XngB(a)r−q−1)

n− j
q

=
nX
j=1
j(B(a)r−q−1)

n− j
q


nX
j=1
j(B(b)r−q−1)

n− j
q

=
nX
j=1
=j(fX1; : : : ; XngB(b)r−q−1)

n− j
q

= bq(fX1; : : : ; XngB(b)r−q−1):
Proposition 3.6. For every i 2 N and 0   

i+2
2

− 1g; the numerical resolution
of the r-lex-segment ideal (h) with h:=h3; i;  (Remark 2:11(b)) is
0! P(−i − 3)  P(−i − 2) ! P(−i − 2)  P(−i − 1) ! P(−i − 1)
P(−i) ! (h)! 0
where P(−‘) denotes the ‘-shift of P and
(1) if = 0; then  =

i+3
2

; = = 0; = (i + 2)2 − 1; =

i+2
2

;
(2) if 1    i + 1; then  =

i+3
2

− (2 + 1); =  − 1; = (i + 2)2 − 1− 3;
= 0; =

i+2
2

− ;
(3) if i+2   

i+2
2

−1; then =

i+2
2

−; =2−i−2; =2; =−i−1; =.
Proof. Under the given hypotheses, q=(h) is generated in degree i by the  greatest
terms, w.r.t. deg-rev-lex (we can follow the columns of our triangles, from the right
and from the bottom), and in degree i + 1, by all the  terms in Ti+1nfX; Y; Zgqi.
Let i; r = #(ft 2 G(q)r=(t) = ig).
By Theorem 3.3, we have the following graded Betti numbers: 0;r(q)= 1; r + 2; r +
3; r ; 1; r+1(q) = 21; r + 2; r , 2; r+2(q) = 1; r .
In our case we have to consider only r = i and r = i + 1.
If = 0, then q=mi+1.
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For 1    i + 1, we have 1; i = 0; 2; i =  − 1; 3; i = 1, 1; i+1 =

i+2
2

− ,
2; i+1 = i + 1− , 3; i+1 = 0.
For   i+2, we have 1; i=− i−1, 2; i= i, 3; i=1, 1; i+1 =

i+2
2

−, 2; i+1 =0,
3; i+1 = 0.
Proposition 3.7. Let i 2 N and 0  0 

i+2
2

− 1g. If 0> 1; we write 0 =
r+1
2

+ ‘; with 1  r  i; 1  ‘  r + 1 if r 6= i and 1  ‘  i if r = i. For 0 = 1;
we put r = 0 and ‘ = 1. We have that the numerical resolution of the lex-segment
ideal L(h) with h:=h3; i; 0 is
0! P(−i − 3)0  P(−i − 2)0 ! P(−i − 2)0  P(−i − 1)0 ! P(−i − 1)0
P(−i)0 !L(h)! 0
where; in the case 0> 0; we have 0=

i+3
2

− 0− r− 2; 0=20− r− 2; 0=20−
(i − r); 0 = 0 − (r + 1); 0 =

i+2
2

− 0.
If 0 = 0; then 0 =

i+3
2

; 0 = 0 = 0; 0 = (i + 2)2 − 1; 0 =

i+2
2

:
Proof. Similarly to the r-lex-segment case, under the given hypotheses, q :=L(h) is
generated in degree i by the  greatest terms, w.r.t. deg-lex (we can follow the rows
of our triangles from the bottom and from the right), and in degree i + 1 by all 0
terms in Ti+1nfX; Y; Zgqi : Using the notations of the above Proposition and repeating
for L(h) the analysis of generators, we obtain, for 0> 0, 1; i = 0 − r − 1, 2; i = r,
3; i = 1 and 1; i+1 =

i+2
2

− 0, 2; i+1 = i − r, 3; i+1 = 0.
If 0 = 0, then q=mi+1.
Remark 3.8. Comparing the two resolutions of (h) and L(h) one can notice two
features:
(a) For each i 2 N and  2 A(i):=f0; 1; 2;

i+2
2

−2;

i+2
2

−1g the two resolutions
are numerically equal. Actually, for each one of these , the two ideals (h) and L(h)
coincide, namely, as pointed out in Remark 2.6(c), for such ’s there is a unique Borel
subset of Ti containing

i+2
2

−  elements.
We stress that for each i 2 N these are the only cases in which (h) =L(h).
(b) Also for each i 2 Nnf0; 1; 2g and  2 f

i+2
2

− 3; : : : ;

i+2
2

− ig the resolution
of (h) and L(h) are numerically equal. In these cases the two ideals (h) and L(h)
are really distinct but, called respectively f1; : : : ; g and ft1; : : : ; tg the set of their
generators in degree i, it results (T0)if1; : : : ; g\ft1; : : : ; tg. So the number of j’s
divisibile by X is the same as the number of tj’s divisible by X and this by Theorem
3.3 implies numerical equality for resolutions.
Example 3.9. In order to detect all dierent Borel ideals in P corresponding to the
h-vector h = (1; 3; 6; 10; 15; 21; 12); we have to nd all Borel subsets of T6 consisting
of 12 elements which, by Remark 2.6(d), are 8.
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We notice explicitly that the corresponding eight ideals are grouped into two classes
distinguished by the number of generators in degree 7. More precisely three of them
have the same numerical resolution ofL(h) (with (0; 0; 0; 0; 0)=(16; 13; 25; 25; 10; 12)):
While the remaining ve share the same numerical resolution of (h) (with (; ; ; ; )=
(16; 12; 24; 24; 9; 12)).
Such a behaviour is explained by next Proposition.
Proposition 3.10. Consider the Hilbert function h:=h3; i;  dened in Notation 2:1: and
set !:=h(i) =

i+2
2

− 

so that 1  ! 

i+2
2

.
If either 1  !  i or

i+2
2

−2  ! 

i+2
2

; then Borel ideals in P corresponding
to h have the same numerical resolution.
If either i + 1  !  2i or

i+2
2

− 4  ! 

i+2
2

− 3; then a Borel ideal in P
corresponding to h has either the numerical resolution of L(h) or the one of (h)
and the two resolutions are dierent.
Proof. It suces to determine all dierent Borel subsets B(!)Ti consisting of !
elements. The integer  gives the number of i-degree generators for the corresponding
Borel ideal.
We have already noticed (cf. Remark 2.6(c)) that there is a unique Borel subset
B(!)Ti, for each ! 2
n
1; 2;

i+2
2

− 2;

i+2
2

− 1;

i+2
2
o
.
For every 3  !  i and for each Borel subset B(!)Ti consisting of ! elements,
we have Y i 62 B(!). Therefore the set of i-degree generators for the corresponding
Borel ideal contains T0i (so exactly −(i+1) generators are divisible by X ). Moreover,
there are just ! generators of degree i + 1 (i.e. all the elements of B(!) multiplied
by X ). Thus in all these cases, all Borel ideals share the same numerical resolution. If
i  3 and i+1  !  2i, then, for every Borel subset B(!)Ti, two possibilities can
occur: either Y i 2 B(!) (i.e. B(!)Ti) or Y i 62 B(!). In the rst case, the !− (i+1)
elements in B(!)nTi are all divisible by X . So Ti nB(!) contains T0i nfY ig and the
remaining  − i elements of TinB(!) are divisible by X . In degree i + 1, generators
for the Borel ideal corresponding to B(!) are Y i+1 and X, for every  2 B(!). Then
we have the numerical resolution of the lex-segment ideal.
The case Y i 62 B(!) behaves as discussed before and we obtain the numerical
resolution of the r-lex-segment ideal.
Finally, for i = 2 and ! = 3 or i  3 and ! 2
n
i+2
2

− 4;

i+2
2

− 3
o
, there are
only two possibilities: either TinB(!)T0i or TinB(!)* T0i . The rst case gives the
r-lex-segment ideal and it has no degree i generators divisible by X . The second case,
gives the lex-segment ideal which has exactly one degree i generator divisible by X .
So the numerical resolutions of the two ideals are distinct.
Remark 3.11. The rst case for which Borel ideals corresponding to a maximal Hilbert
function h= h3; i;  have resolutions of at least 3 dierent types is h=(1; 3; 6; 10; 9) and
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the ideals are
q(1)= (h) = (Z4; YZ3; Y 2Z2; Y 3Z; Y 4; XZ3; X 2YZ2; X 2Y 2Z; X 2Y 3; X 3Z2; X 3YZ;
X 3Y 2; X 4Z; X 4Y; X 5);
q(2)=L(h) = (Z4; YZ3; Y 2Z2; Y 3Z; XZ3; XYZ2; Y 5; XY 4; X 2Y 2Z; X 2Y 3; X 3Z2;
X 3YZ; X 3Y 2; X 4Z; X 4Y; X 5);
q(3) = (Z4; YZ3; Y 2Z2; XZ3; XYZ2; X 2Z2; Y 4Z; Y 5; XY 3Z; XY 4; X 2Y 2Z; X 2Y 3;
X 3YZ; X 3Y 2; X 4Z; X 4Y; X 5):
The resolutions are
0! P(−6) P9(−7)! P6(−5) P18(−6)! P6(−4) P9(−5)! q(1) ! 0;
0! P2(−6) P9(−7)!P7(−5) P19(−6)!P6(−4) P10(−5)! q(2) ! 0;
0! P3(−6) P9(−7)!P8(−5) P20(−6)!P6(−4) P11(−5)! q(3) ! 0:
Proposition 3.12. Let a P be a homogeneous ideal generated in degree  d. If
N(a)d is an r-lex-segment set and #N(a)d 

d+1
2

; thenN(a)k is an r-lex-segment
set for all k  d.
Proof. We need only to check the case k = d + 1 since then inductively we are
done. Let  be the number of generators of ad. The given assumption implies  
d + 1 and each  2 N(a)d is divisible by X . As already remarked in the proof of
Proposition 3.6, this, together with the assumption a is generated in degree  d, implies
#N(a)d+1 = #(Td+1nfX; Y; Zgad)= #N(a)d and so N(a)d+1 = XN(a)d. Therefore
N(a)d+1 is an r-lex-segment set.
Remark 3.13. (a) The assumption #N(a)d 

d+1
2

in Proposition 3.12 is necessary.
For instance a=(Z3; Z2Y; ZY 2) is generated in degree d=3 and is not an r-lex-segment
ideal.
In fact a4=hZ4; YZ3; Y 2Z2; Y 3Z; XZ3; XYZ2; XY 2Zi andN(a)4 is not an r-lex-segment
set, though N(a)3 is so (a3= hZ3; Z2Y; ZY 2i).
(b) We notice also that there exist ideals a P such thatN(a)k is an r-lex-segment
set for each k  d but N(a)d−1 is not so. Take for instance the monomial ideal
a=(Z3; YZ2; XZ2; Y 3Z; Y 4; XY 2Z; XY 3), generated in degree  4. It is a3=hZ3; YZ2; XZ2i
and N(a)3 is not an r-lex-segment. However a4= hZ4; YZ3; Y 2Z2; Y 3Z; Y 4; XZ3; XYZ2;
XY 2Z; XY 3; X 2Z2i and Proposition 3.12 applies for d= 4.
Proposition 3.14. Let a be a monomial ideal such that N(a)d is an r-lex-segment
set. Then N(a : m)d−1 is an r-lex-segment.
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Proof. As a : m = (a : (X )) \ (a : (Y )) \ (a : (Z)), if t 2 (a : m) \ Td−1, then
Xt; Yt; Zt 2 ad. Moreover, if  2 Td−1 is such that > t, then clearly X>Xt,
Y>Yt, Z>Zt, thus X; Y; Z 2 ad since N(a)d is an r-lex-segment. Therefore
 2 (a : m)d−1.
4. Points of Pn in generic position
For any s 2 Nnf0; 1g, let X be a set of s distinct points P1; : : : ; Ps 2 Pn. Let
I(X) ~P(n):=k[X0; : : : ; Xn] be the homogeneous ideal dening X as subscheme of Pn
and let  (X):= ~P(n)=I(X) be the homogeneous coordinate ring of X.
In ~P(n), we put X0<X1<   <Xn and denote by ~T(n) the (multiplicative) semi-
group of terms over X0; X1; : : : ; Xn.
The Hilbert function H (X)(i) is simply denoted HX(i) and is called the Hilbert
function of X.
We say that s point in Pn are in generic position if the 0-dimensional scheme X
dened by them has the following Hilbert function:
HX(i) = min
( n+i
n

s
}
for each i 2 N (see [11]).
Denoting Hs;n the above numerical function, we have
Hs;n =

1; n+ 1;

n+ 2
n

;

n+ 3
n

; : : : ;

n+ i − 1
n

; s; s; : : :

;
with

n+ i − 1
n

<s 

n+ i
n

:
Consider the Hilbert scheme Hilbs(Pn) of s points in Pn and let s;n be the open
subscheme of Hilbs(Pn) parametrizing s distinct points of Pn. Giving s general points
of Pn means to consider a general point X of s;n (i.e. belonging to an open sub-
scheme of s;n). It is well known that s (distinct) general points in Pn are in generic
position.
Remark 4.1. We note explicitly that for a nite set X of points in Pn, though
I(X) ~P(n), gin (I(X)) is of the form b ~P(n) for a Borel b P(n) (see for instance
[12] Theorem 2:30). This implies that, in order to determine Borel ideals of ~P(n)
which can occur as gin (I(X)) for some X as above, it suces to study Borel ideals
of P(n).
Remark 4.2. We relate a well known construction (used also to smooth monomial
ideals and going back to [13]) to exhibit a set X of s points in Pn that are in generic
position and such that indrl(X) is an r-lex-segment ideal.
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We consider the h-vector
hs;n :=Hs;n =

1; n;

n+ 2
n

− (n+ 1); : : : ;

n+ i − 1
n

−

n+ i − 2
n

; s−

n+ i − 1
n

:
Put  =
( n+i
n
 − s, since  n+‘n

−

n+‘−1
n

=

n+‘−1
n−1

for every ‘ 2 N, we have
hs;n = hn; i;  (cf. Notation 2:1).
Let a :=(hs;n)P(n) (existing by Remark 2.11(b)). Write N(a) = f1g tT(n)1 t
   t T(n)i−1 tN(a)i = ft1; : : : ; tsg, with t1<   <ts.
To tj=X a 2N(a); (a=(a1; : : : ; an) 2 Nn), we associate the point Qj=[1; a1; : : : ; an] 2
Pn so that I(Qj)=(X1−a1X0; : : : ; Xn−anX0) ~P(n): Letting X=fQ1; : : : ; Qsg we have
I(X)=
Ts
j=1 I(Qj); and X is contained in the open ane subset of P
n (complementary
to the hyperplane X0 = 0) having P(n) as coordinate ring).
Let us consider the natural inclusion P(n) ~P(n) and the deg-rev-lex orderings. Let
G(a) = ff1; : : : ; frgT(n) be a minimal set of generators for the above monomial
ideal a . Then I(X) ~P(n) is of type (f1 + X0g1; : : : ; fr + X0gr), where, for each
1  k  r, gk 2 P(n) and deg gk < degfk .
Thus I(X) is a lifting of a , i.e. (I(X); X0)=(X0) = a and in (I(X)) = a ~P(n).
Remark 4.3. Let V be a k-vector space of dimension n and E = fe1; : : : ; eng be an
ordered basis of V with e1>e2>   >en.
If 0 6= v=Pni=1 xiei, T (v) denotes the maximal element of the basis E appearing in
the expression of v. For a vector subspace of W V , we denote in (W ) = fT (w): w 2
Wg.
Let us consider the Grassmannian G(r; V ) parametrizing the r-dimensional vector
subspaces of V . For a general W 2 G(r; V ) it is in (W ) = he1; : : : ; eri (i.e. in (W ) is
generated by the r greatest elements of the basis E of V ). In fact, let fb1; : : : ; brg be
a Gauss basis of W , (i.e. a basis of W such that in (W ) = hT (b1); : : : ; T (br)i, with
T (b1)>   >T (br), see [16]). We have T (b1) = e1, otherwise W is contained in the
hyperplane of equation x1 = 0 and W is not general. Denote Li the linear space de-
ned by the equations x1 = x2 =    = xi = 0, Li is a vector subspace of dimension
n− i with L1L2   LiLi+1   Ln = (0). If T (bk) = ek for each 1  k  i,
i 2 f1; : : : ; r − 1g, and T (bi+1) = ej, with i + 2  j  n, then we have W \ LiLi+1
and W is not general.
Theorem 4.4. Let X be a general point of s;n (i.e. a set of s general points of Pn).
Then indrl(I(X)) = gindrl(I(X)) is an r-lex-segment ideal in ~P(n).
Proof. The Hilbert function of I(X) is the function Hs;n given above. Then we have
I(X)j = (0) for every j  i− 1 and I(X)i is a vector subspace of ~P(n)i of dimension
=
( n+i
n
− s. It follows from Remark 2.11(b) that we have only to take into account
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the degree i. Let us consider the grassmannian G(; ~P(n)i) of -dimensional vector sub-
spaces of ~P(n)i and the stratum Hs; n parametrizing the points X of s;n having Hilbert
function Hs;n. We have a natural morphism of schemes ’: Hs; n ! G
(( n+i
n
− s; ~P(n)i,
dened by ’(X) = I(X)i. From Remark 4.3, for a general element W of G(; ~P(n)i)
we have that in (W ) is generated by the  greatest terms of ~T(n)i. On the other hand
such vector subspaces W ’s form an open subscheme Us;n of the grassmannian. Then
the points X of Hs; n such that N(in (I(X)))i is an r-lex-segment form an open sub-
scheme Us;n of Hs; n (Us;n = ’
−1(Us;n)). By Remark 4.2 the open subscheme Us;n is
non-empty.
As usual we simply write Hs for Hs;3 and hs for hs;3.
Remark 4.5. (a) For arbitrary s 2 Nnf0; 1g, dierent Borel ideals may correspond to
hs. Namely, dierent choices of Borel subsets of Ti, containing

i+2
2

−  elements,
give rise to dierent Borel ideals with the given hs (see Remark 2.6(c), (d) and Remark
4.2).
(b) Fixed any i 2 N, there is a unique Borel ideal having hs as h-vector, for
s 2 S(i):=
n
i+2
3

+ 1;

i+2
3

+ 2;

i+3
3

− 2;

i+3
3

− 1;

i+3
3
o
.
Namely for s 2 S(i) it holds

i+2
3

<s 

i+3
3

and the corresponding =

i+3
3

−s
are ordinately

i+2
2

− 1;

i+2
2

− 2; 2; 1; 0 (see Remark 2.6(c)).
(c) Example 3.9 consider dierent Borel ideals realizing hs for s=68. As

8
3

< 68 
9
3

, it is i = 6, thus =

9
3

− 68 = 16 and 12 =

6+2
2

− 16 (see Remark 4.1).
As already indirectly noticed several times, the notion of points in generic position
is purely algebraic. For instance, in [5] Proposition 3.7, after a list of all possible
minimal free resolutions of the homogeneous coordinate rings  (X), for a set X of 6
distinct points of P3 in generic position, it is pointed out that quite dierent geometric
congurations may have the same numerical resolution.
Here we want to stress explicitly that for s = 6 there is a unique Borel ideal b
having hs as h-vector, namely b = (X 23 ; X2X3; X
2
2 ; X1X3) (see Remark 2.6). Thus all
ideals I(X) considered in [5] Proposition 3.7 have the same generic initial ideal (see
Remark 4.1).
More recently in [9] have been enlightened some geometric properties of an homo-
geneous ideal a P(n) that may be deduced by its generic initial ideal gin (a) w.r.t.
deg-rev-lex:
Theorem 4.6 (Floystad [9]). Let V P(n)i+j be a linear space such that gin (V ) =
hT0(r; n)iiX jn P(n)i+j. Then there exists a polynomial f 2 P(n)j and a linear sub-
space W P(n)i such that V =Wf.
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Remark 4.7. Regarding ideals of points in P3, the rst application of Floystad’s the-
orem is for s = 7, in this case there are two dierent Borel ideals in P(3) having hs
as h-vector:
q(1) = (X 23 ; X2X3; X
2
2 ; X
2
1 X3; X
2
1 X2; X
3
1 ) (r-lex-segment) and
q(2) = (X 23 ; X2X3; X1X3; X
3
2 ; X1X
2
2 ; X
2
1 X2; X
3
1 ) (lex-segment):
We have (q(2))2 = X3hX3; X2; X1i, and Floystad’s Theorem 4.6 tells us that for a
set XP3 of 7 points in P3 gindrlex(I(X)) is the lex-segment ideal if and only if
all quadrics containing X (forming a 3-dimensional k-vector space) are reducible and
have a xed plane as irreducible component, i.e. 6 of the given points lie on a plane.
For 8  s  12, there exists a unique Borel ideal for hs (Remark 2.6(c)).
For s=13, we have two Borel ideals: (hs) and L(hs). The homogeneous ideal of
13 general points has the r-lex-segment ideal as generic initial ideal (Theorem 4.4).
Nevertheless Floystad’s theorem does not characterize the sets X of 13 points such
that gindrlex(I(X)) is the lex-segment ideal.
For 14  s  17, we have two Borel ideals with hs as h-vector and Floystad’s
theorem determines the special geometric conguration of a set X of s points having
gindrlex(I(X)) equal to the lex-segment ideal.
For 18  s  22, there exists a unique Borel ideal. On the contrary, for 23  s  24
there are two Borel ideals and the situation is the same as in case s= 13.
For s  25, we can have much more Borel ideals, in some case Floystad’s Theorem
applies, but the situation can become extremely complicated.
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